
Exciting cytoskeleton-membrane waves

R. Shlomovitz and N. S. Gov
Department of Chemical Physics, The Weizmann Institute of Science, P. O. Box 26, Rehovot, Israel 76100

�Received 30 July 2008; published 17 October 2008�

Propagating waves on the surface of cells, over many micrometers, involve active forces. We investigate
here the mechanical excitation of such waves when the membrane is perturbed by an external oscillatory force.
The external perturbation may trigger the propagation of such waves away from the force application. This
scheme is then suggested as a method to probe the properties of the excitable medium of the cell, and learn
about the mechanisms that drive the wave propagation. We then apply these ideas to a specific model of active
cellular membrane waves, demonstrating how the response of the system to the external perturbation depends
on the properties of the model. The most outstanding feature that we find is that the excited waves exhibit a
resonance phenomenon at the frequency corresponding to the tendency of the system to develop a linear
instability. Mechanical excitation of membrane waves in cells at different frequencies can therefore be used to
characterize the properties of the mechanism underlying the existence of these waves.
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I. INTRODUCTION

Recently, there has been a growing number of observa-
tions of membrane waves and ruffles that propagate over the
surface of living cells �1–6�. One of the outstanding proper-
ties of these waves is that they propagate without significant
damping over a large portion of the cell surface, i.e., up to
tens of micrometers. This feature in a highly damped viscous
system indicates that there are active forces involved in driv-
ing these waves over such long distances. Such active forces
can arise in cell membranes from ion pumps and channels
�7�, and from the cytoskeleton underlying the membrane
�3,8�.

In this paper we suggest several experiments that may be
used to study the excitation mechanism of such waves, and
test the validity of various quantitative theoretical models.
We describe the mechanical excitation of membrane waves
using an oscillating force applied to the membrane. This
force application can be in different forms �Fig. 1�; the os-
cillating tip of an atomic force microscope �AFM� �9�, a thin
micropipette �10�, an attached magnetic bead �11,12�, a mag-
netic microneedle �13�, or optical tweezers �14�. We calcu-
late the resulting waves triggered by such a mechanical per-
turbation of the cell, using our model of cytoskeleton-
membrane waves �15�, as an example. Using these calculated
waves we give several predictions that can be used to experi-
mentally test the validity of the theoretical models.

Existing experimental works that investigated the me-
chanical response of cells to an applied force have mostly
dealt with the behavior of the bulk of the cytoskeleton. These
experiments have found that the cells behave as a soft gel,
with unusual properties such as a multitude of relaxation
time scales �“soft glass”� �16�, and used a variety of probes
such as magnetic beads attached to the cell �17� or engulfed
by the cell �18�. These probes usually have a diameter of
order 1–2 �m. In this work we wish to propose experiments
that probe in a highly localized manner the cell membrane
and the cortical cytoskeleton in the thin layer �up to 1 �m�
underneath the membrane. Specifically, we are interested
in cells that have been shown to support propagating

cytoskeleton-membrane waves in certain parts of their mem-
brane, such as in the lamellipodia or in spreading cells. This
regime has not been investigated experimentally so far, and
our calculations are aimed at encouraging such experiments
with the purpose of exciting such waves mechanically and
studying their properties.

In Sec. II we calculate the waves triggered by a normal
mechanical perturbation of the membrane using our
cytoskeleton-membrane wave model. In Sec. III we discuss
several testable predictions that can be used to quantitatively
study the properties of such excited waves. The reader who
is not interested in the details of our particular wave model
can skip Sec. II.

II. EXCITATION OF WAVES IN PLANAR
AND ROTATIONAL SYMMETRY

In this section we calculate the waves that can be trig-
gered in an active cortical cytoskeleton due to a mechanical
perturbation of the membrane. We assume in this calculation
that the cortical cytoskeleton is in a state of a high level of
actin polymerization activity and treadmilling, so that it can
rearrange on a relatively short time scale. This means that
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FIG. 1. �Color online� Illustration of the proposed mechanical
excitation of membrane waves on cells, by applying an oscillatory
normal force using �a� a thin pipette �planar waves�, or �b� an AFM
tip and �c� bead �magnetic or optical tweezers�, producing circular
waves.
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during slow perturbations �frequency ��1 Hz� we can de-
scribe this medium as an effective viscous fluid. We consider
here cells that are adhering and well spread over a flat sub-
strate �nonmotile� �3�. Furthermore, the force application is
considered in a region where the membrane is rather flat. The
mechanical perturbation triggers the response of the active
cortical cytoskeleton due to the imposed changes in the local
membrane curvature. The energy supplied to the system
through the mechanical perturbation is very small, while the
waves that propagate in the active cytoskeleton are driven by
forces produced due to ATP consumption in the cell �actin
polymerization and myosin contraction�.

In Fig. 1 we show schematically several possibilities of
applying an oscillatory force to the cell membrane, which
can be divided into those that produce a force along a line
and at a point �approximately�. We therefore calculate below
the waves that are produced in these two geometries, planar
and polar respectively. In both cases we solve the equations
of motion of the coupled membrane-actin-myosin system
�15�, where we impose an oscillating force at the origin,

�h

�t
= Ô�− ��4h + ��2h − �h +

�H̄

n0
�2n

− A*m + An + f0ei�0t��r�� , �1�

�m

�t
= − koffm + konn , �2�

�n

�t
= D�2n − 	�H̄�4h , �3�

where h is the local normal deformation of the membrane
from flatness, n is the local density of actin nucleating pro-
teins, m is the local density of myosin motors attached to the
actin filaments, � and � are the membrane bending modulus
and tension respectively, A�A*� is the actin �myosin� protru-
sive �contractile� force coefficient, D is the diffusion coeffi-
cient of the actin nucleating proteins, kon, koff are the myosin-

actin binding-unbinding rate parameters, 	=D /kBT, and H̄ is
the spontaneous curvature of the actin nucleators. In our
scheme m represents myosins that are attached to actin fila-
ments, and therefore are recruited only where n exists. The
reader is referred to �15� for more details of this model. A
local elastic restoring force, with spring constant propor-
tional to �, is added to mimic the passive component of the
elastic cytoskeleton gel beneath the membrane, in the form
of a Hookean force term in the equation of motion of the
membrane �Eq. �1��. This term describes a layer of springs
that are not connected laterally, which describes oscillations
of an elastic layer with a wavelength that is much larger than
the width of the layer.

The oscillating force is represented by Dirac’s delta func-
tion ��r�, where �0 is the driving frequency and f0 is the
amplitude. We assume here a local version of the hydrody-

namic interaction kernel �Ô� and of the myosin-induced ker-
nel force, and neglect any sources of noise �15�. The

membrane flux of proteins n is defined from Eq. �3�:
�n /�t�−� ·Jn⇒Jn=−D�n /�x+	�H̄�3h /�x3.

In Figs. 2�a�–2�c� we plot the dispersion relation ��q� for
the oscillatory mode �15�, where we compare it to the dis-
persion of a passive membrane, with and without the elastic
spring term. Note that there are three modes in this system,
corresponding to three dynamic variables �15�; two modes
that are complex conjugate of each other in the range of q’s
that give waves �q�q� shown in Figs. 2�a�–2�c��, and an-
other mode that is negative and real for all q’s and therefore
represents a damped mode which is not of interest here. The
passive membrane is described by decoupling the membrane
from the forces of the cytoskeleton, i.e., Eq. �1� without the
n- and m- dependent terms. Note that the wave velocity of
the active membrane is given by the slope of the imaginary
part ���q� �Fig. 2�b��, which is not strongly affected by the
elastic spring term. For wave vectors larger than q� there are
no oscillatory modes �Fig. 2�c��. We chose the parameters of
the system to be those that gave the best fit to a particular
kind of cellular membrane wave �1,15�. The dispersion rela-
tion for this system has a subcritical point at the wave vector

qmax=27�A*	H	kon�	Ô /8D3/2, at which the real part of the
dispersion relation of the system has an extremum �for
q
0�. At this wave vector the waves have the frequency
�max
vqmax �Fig. 2�b��, where v is the velocity of the actin-
myosin-membrane waves �Eq. �7��, which is the slope of
���q� for small q’s �Fig. 2�c��.

The system of equations �1�–�3� can be shown to give rise
to propagating waves, as follows: in the limit of strong myo-
sin contractility and strong myosin adsorption to actin, we
can simplify Eqs. �1� and �2� by �neglecting the driving term�

�h

�t
� − ÔA*m , �4�

�m

�t
� konn . �5�

Substituting Eq. �4� in Eq. �5�, we have a relation between h
and n, which we then substitute into Eq. �3�, after differen-
tiating twice with respect to time, to get

n� = D�2n̈ + ÔkonA*	�H̄�4n . �6�

In the limit of qv
w we can neglect the left-hand side and

recover the familiar form of a wave equation for H̄�0, with
solutions in the form cos��t−qvx�, where the wave velocity
is

v = �konA*	�	H̄	Ô/D . �7�

Note that in this model the roles of the actin and myosin �n
and m, respectively� cannot be replaced by a single param-
eter which is either protrusive or contractile alone, since it is
the different dynamics of these two opposing forces that
gives rise to the propagating wave.
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A. Excitation of waves from an oscillating linear source;
planar waves

Excitation of waves on a planar membrane along a line
parallel to the y axis �Fig. 1�a��, reduces the problem to one-
dimensional waves propagating in the x direction. We solve
these equations using the linear response method �19�, for
the limit of long times, such that the transient response of the
system has already decayed. We Fourier transform the set of
equations �1�–�3�, to get the following equations in a matrix
form:

�M + i�I�� h�q,��
m�q,��
n�q,��


 = � f0��� − �0�
0

0

 , �8�

M = �Ô�− �q4 − �q2 − �� − ÔA* Ô�A − �H̄q2/n0�
0 − koff kon

− 	�H̄q4 0 − Dq2 
 ,

where I is the identity matrix. Fourier transforming the solu-
tion back to the time coordinate, we get

� h�q,t�
m�q,t�
n�q,t�


 =
M�

det�M + i�0I�� f0ei�0t

0

0

 , �9�

where M� is given by M�=det�M + i�0I��M + i�0I�−1. The
Fourier transform back to the x space is done using complex
analysis, where for positive x we sum the residues of the
singularities at q1,2,3 that are the solutions of the equation
det�M + i�0I�=0 in the upper half plane, which we plot in
Figs. 2�d� and 2�e�. We then get

� h�x,t�
m�x,t�
n�x,t�


 = �
j=1,2,3

q=qj

iM�

det�M + i�0I�� f0ei�qjx+�0t�

0

0

 . �10�

We give the explicit expressions for these solutions in the
Appendix. Note that the solution we derive by the above
procedure of Fourier transform satisfies the boundary condi-
tions of h ,m ,n=0 at x= ��, �h /�x=0 at x=0, and Jn=0 at
x=0. Since the membrane waves are excited at the driving
frequency, we have �=�0 in the rest of the paper.

B. Excitation of waves from an oscillating point source;
circular waves

We next calculate the waves that are excited in a flat
membrane from a point force source at the origin. In this
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FIG. 2. �a�–�c� Dispersion relation of the active membrane model �15�. �a� The real part of the dispersion ���q� of the active membrane
is shown compared to the response of a passive membrane �dashed lines�. Black and gray correspond to �=0,4kBT /�m4, respectively. We
indicate the wave vector qmax where the dispersion of the active membrane has an extremum. �b� The imaginary �oscillatory� part of the
dispersion ���q�, where we indicate the value of �max. �c� Same as �b� on a larger scale to indicate the range of frequencies and wave vectors
for which the active membrane supports oscillatory modes. �d� Real part of the wave vectors q1,2,3 that are excited in the active membrane
by the application of a force at frequency �. The vertical lines indicate three typical frequencies below, at, and above the resonance
frequency �max, which we use in Fig. 3. �e� Same as �d� for the imaginary part of the wave vectors q1,2,3. The dashed line indicates the wave
vector which has a distinct minimum, and is denoted by qmin. �f� Ratio of qmin� /qmin� that gives the number of wavelengths before there is
significant decay �damping� of the waves.
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case we write our equations of motion �1�–�3� in polar coor-
dinates, such that the second spatial derivative is replaced by
the radial part of the Laplacian in polar symmetry, and the
fourth spatial derivative is replaced by the radial part of a
bi-Laplacian.

We solve the equations again using the Fourier trans-
form technique. The solutions we find have the form given
in the Appendix for the planar case, simply by re-
placing eiq1,2,3	x	 /q1,2,3→H0

�1��q1,2,3r�, where H0
�1��qr�=J0�qr�

+ iY0�qr� is the Hankel function of the first kind, and J0�qr�,
Y0�qr� are the Bessel functions of the first and second kinds.
These solutions satisfy the boundary conditions of zero cur-
rent Jn=0 at the origin, extremum of the amplitude of h at
the origin, and vanishing amplitudes at infinity. Note that the
Bessel functions J0�qr� and Y0�qr� behave at large r as
�2 / �
qr�cos�qr� and �2 / �
qr�sin�qr�, respectively. For a
complex q both of these functions diverge at r→�, which is
the reason that we chose to use the Hankel function, which
vanishes at r→�, when doing the reverse Bessel-Fourier
�Hankel� transform back into real space.

The solutions for the concentrations of the myosin m, and
the membranal protein n diverge at r→0, but since the di-
vergence varies as log�r� and the area element at the origin
varies as r dr d�, the number of proteins at the origin van-
ishes.

C. Discussion

In Figs. 3�a� and 3�b�, we plot the solutions for the mem-
brane height amplitude, and myosin and actin densities �h, m,
and n, respectively�, as a function of the position away from
the excitation source, for both the planar �Fig. 3�a�� and cir-

cular waves �Fig. 3�b��, at a given time. Note that the plots
are for different frequencies and we normalized the mem-
brane amplitude by the maximal value at the origin, since it
diverges as 	h�0� 	�1 /� for �→0.

We see in Figs. 3�a� and 3�b� that the waves decay away
from the excitation point, with a decay length that strongly
depends on the frequency. The amplitude of the membrane
height and density oscillations is given by the sum of the
contributions of the three modes, as given in Eq. �10� for
example. The amplitude of each of these modes q1,2,3 decays
away from the force excitation point as exp�−q����x�, where
q���� is the imaginary part of q��� shown in Fig. 2�e�. For
our system we find that one of the modes has a very small
value of q���� at �max, and we denote this mode as qmin. The
reason for the small value of q���� at �max can be seen in
Figs. 2�a� and 2�b�, where at this frequency the dispersion
relation has a very small real part corresponding to very
weak damping. It is clear from Figs. 3�a� and 3�b� that the
excited waves decay over the longest distance at this reso-
nance frequency �max due to the small value of qmin� ��� at
that frequency. Note that the waves in the circular geometry
�Fig. 3�b�� decay faster compared to the planar waves �Fig.
3�a��, making the experimental distinction between the dif-
ferent frequencies harder to measure in this geometry.

In Fig. 2�f� we plot the ratio of qmin� /qmin� ���, which gives
the number of wavelengths before there is significant decay
�damping� of the waves, as a function of the frequency. The
frequency that corresponds to the maximum of this graph is
close to �max �gray vertical line in Fig. 2�f��.

In Fig. 4 we plot the membrane height amplitude as a
function of space and time h�x , t� for a planar wave, to illus-
trate the outward propagation of the waves from the line of
force application at the origin, i.e., the x axis is orthogonal to
the line of force application �dashed rectangle in Fig. 1�a��.

To summarize this section, we find that our model of
cytoskeleton-membrane waves �15� gives rise to propagating
waves when the membrane is excited by the application of
an oscillatory vertical force �Figs. 3�a�, 3�b�, and 4�. Further-
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FIG. 3. �a�,�b� Calculated membrane height and myosin and
actin densities as a function of position, for planar and circular
waves, respectively. The black, gray, and light gray lines indicate
different frequencies, given in Figs. 2�d�–2�f�. The waves close to
the resonance frequency �gray lines� have the slowest decay, com-
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due to the circular geometry, compared to the planar waves �a�.
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more, these waves have a resonancelike effect, where they
are very weakly damped �Fig. 2�f��.

III. EXPERIMENTAL TESTS OF THE PROPERTIES
OF EXCITED WAVES

In this section we give several quantitative measurements
that can be used to test the properties of excited cell mem-
brane waves, using the setup of Fig. 1. We will use the cal-
culated waves of the previous section to demonstrate the pro-
posed measurements.

The simplest prediction is just to measure the membrane
height amplitude as a function of the spatial distance from
the point of force application, and as a function of time, i.e.,
h�x , t� �Fig. 4�. This measurement might be difficult to per-
form if the membrane height amplitude is small �3�, or de-
cays over a short distance. We therefore suggest another ex-
periment, where the height amplitude of a small marker �for
example a small fluorescent bead� is measured with high
resolution, at a fixed distance X from the point of force ap-
plication, as a function of the frequency. In Fig. 5 we plot the
ratio hmax�X� /hmax�0� of the amplitude of the membrane os-
cillation at a distance of X=0.3 �m �Fig. 5�a�� and X
=5 �m �Fig. 5�b��, as a function of frequency. We find that
the amplitude of the �damped� oscillations of a passive mem-
brane at X=0.3 �m monotonically decays as a function of
the frequency �for planar geometry�. At this distance the ac-
tive waves �Sec. II� have a larger amplitude, which remains
almost constant up to frequencies of order �wave �Fig. 2�c��.
At a larger distance of X=5 �m �Fig. 5�b�� the amplitude of
the passive membrane becomes negligibly small, while the
amplitude of the active waves is still significant, and has a
local maximaum around the resonance frequency which be-
comes more pronounced as the distance X is increased. In
this figure we also show the effect of an elastic spring term
which diminishes the amplitude of the waves. The depen-
dence of the measured amplitude on the driving frequency
could therefore provide a useful method for distinguishing
between the contribution of the active waves, and the passive
response of a membrane coupled to a viscoelastic medium.

An experiment that has probed the fluctuations of a mem-
brane probe due to an applied oscillatory force is described
in �17�. In these experiments a large bead of 2 �m diameter
was used to apply a torque to the cell cytoskeleton and mem-
brane at a frequency of 1.3 Hz, while a small fluorescent
probe at 7–8 �m away was monitored. The results showed
some dependence of the amplitude of the probe on the mag-
nitude of the applied force, and found that beyond a distance
of 10–15 �m there was no measurable displacement of the
probe. Although these experiments are not exactly in the re-
gime where a localized normal force �not a torque� is applied
to a cell which supports waves, these results may neverthe-
less be compared to our calculations shown in Figs. 3�a� and
3�b� and Figs. 5�a� and 5�b� where we calculate the damping
of the waves as a function of the distance from the force
center, and as a function of frequency. Such experiments
could be used in the future to test these predictions.

Another measurement that probes the response properties
of the membrane, is the phase lag between the force appli-

cation and the motion of the membrane at the same point.
This could be measured by observing the motion of a fluo-
rescent bead which is also used as the force application in-
strument �by magnetic field or optical tweezers�. From our
model of Sec. II we can plot the dependence of this phase lag
as a function of the frequency, as shown in Fig. 5�c�. We find
that for our active waves model, without an elastic term �
=0 �solid black line�, the phase lag starts at a value of −
 /4
for �→0, then has a maximum at �max with a value which is
close to −
 /16, and finally approaches −3
 /8 for �→�.
The value at �→� is simply the behavior of a passive mem-
brane dominated by the restoring force of the curvature �first
term in Eq. �1�� shown by the dashed black line. The value of
−
 /4 at �→0 arises from the behavior of a damped oscil-
lator when the restoring force vanishes linearly with the fre-
quency, which is the behavior of the passive membrane in
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FIG. 5. �a� Calculated ratio hmax�X� /hmax�0� of the amplitude of
the membrane oscillation at a distance of X=0.3 �m, as a function
of the frequency. Black, gray, and light gray correspond to �
= �0,2 ,20�kBT /�m4, respectively. Dashed line gives the amplitude
of an excited passive membrane. �b� Same as in �a� but for a loca-
tion at X=5 �m, with the same color scheme. At this location the
amplitude of the passive membrane fluctuations are too small to
plot. �c� Calculated phase lag between the applied force and the
membrane motion at the origin, for the active �solid lines� and the
passive membrane �dashed lines�. The color scheme indicates the
values of � as in �a�,�b�.
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this limit, dominated by membrane tension �second term in
Eq. �1��.

The elastic spring term is seen to shift the phase lag at
small frequencies to zero, while the limit at �→� stays
unchanged �Fig. 5�c��. The solid gray line shows that for
certain values of � the distinct peak in the phase lag of the
active membrane, around the resonance frequency, may van-
ish, making the curve similar in shape to the passive mem-
brane. An experimental measurement of the phase lag for a
torque application to the cell membrane and cytoskeleton
�20� found a small phase lag which is almost independent of
the frequency, up to �100–1000 Hz. This behavior is typi-
cal for a viscoelastic medium, where the elastic part is rep-
resented in our model by the spring constant �. These experi-
ments do not probe the regime of membrane-cytoskeleton
waves that we are interested in, and indeed at high frequen-
cies the response that was measured was not dominated by
the bending modulus of the membrane, as we calculated here
�Fig. 5�c��. High-frequency modes of the membrane corre-
spond to short wavelengths, which are not probed in these
experiments that use a large bead for the force induction
�diameter of 2 �m�, and therefore probe the bulk properties
of the cytoskeleton while being not very sensitive to the
membrane properties, which we focus on.

Finally, in Fig. 6 we demonstrate the effect of mechani-
cally excited membrane waves on the spatial distribution of
freely diffusing membranal markers that have a spontaneous
curvature. The theoretical description of this effect is given
in �8�, where we show that propagating membrane waves can

cause a flow of curved membrane markers away from the
source of the waves, resulting in a local depletion of the
markers density close to the origin �“hole”�. Using the pa-
rameters of the wave model that we used for the calculations
above �dispersion relation of Figs. 2�a� and 2�b��, there is no
significant motion of the markers due to the waves �for real-
istic values of the markers’ properties; see below�. The rea-
son is that these waves have a very large wavelength at the
resonance 2
 /qmax�12 �m, which results in a very small
drift force �8�. For this reason we illustrate below the forma-
tion of a significant density “hole,” using modified
cytoskeleton-membrane waves with a resonance wavelength
of �1 �m with the same velocity as before, given by the
dispersion relation shown in Fig. 6�a�. Membrane waves and
ruffles with similar properties are observed in cells �2,3�, and
therefore these are reasonable values.

As in �8�, we assume that the wave-induced flow of the
proteins at each position x away from the wave initiation
point is given by the drift velocity calculated for a wave of
uniform amplitude, where the amplitude corresponding to
this distance x is given by Eq. �10�. In our case we have a
sum of three waves that each have an exponential decay. The
dominant contribution comes from the wave with the slowest
decay, i.e., with qmin, which is the only wave we keep in the
calculation below; h�x , t�=exp− �qmin� x�sin�qmin� x−�t�. We
use this decaying wave in the approximate calculation of the
steady-state density profile of the membrane proteins �8�, as
shown in Fig. 6.

Following �8�, we can estimate the size of the depletion
hole to be

xc =
1

2�
ln� �2

4���Dm/v�3qmin�2 + �Dm/v��� , �11�

where �=qmin�−1 is the exponential decay length of the waves
away from the initiation site, v=qmin� /� is the wave velocity,
and � is the ratio of the drift to the wave velocity at the

origin; �= 	qmin� 	3�	mH̄mh0a2 /v, where �=10kBT, 	m
=Dm /kBT, Dm=0.1 �m2 /s is the diffusion coefficient of the

markers, H̄m=100 �m−1 is the spontaneous curvature of the
markers, h0=0.1 �m is the amplitude of the membrane os-
cillation at the origin, and a�10 nm is the diameter of the
membrane marker. Note that we change the amplitude of the
applied oscillatory force, so that the waves are excited with a
constant amplitude at the origin h0, independent of �, as
given in Eq. �15�.

We plot in Fig. 6�c� the calculated dependence of the size
of the depletion hole xc �Eq. �11�� on the driving frequency.
Our results show that the size of the hole is maximal at the
resonance frequency �max, provided that the ratio between
the curvature-induced flow velocity and the wave velocity
�=vdrift /v is larger than 1, so that at least close to the force
initiation site the membrane proteins can “surf” with the ex-
cited waves �8�. The density profiles for several frequencies
are given in Fig. 6�b�, and the depth of the depletion hole at
the origin is given in Fig. 6�d�. The maximal depletion is
again found for the resonance frequency.

The size and depth of the depletion hole as a function of
the frequency of the oscillation result from two competing

0.0 0.4 0.8 1.2

20

40

60

80

2 4 6 8 10

-20

-15

-10

-5

100 200 300 400

0.4
0.6
0.8
1.0

-1.2
-1.0
-0.8
-0.6
-0.4
-0.2

1 2 3 4

0.2
0.4
0.6
0.8
1.0

ω'[10-3 Hz] ω''[Hz]

ω[Hz]ω[Hz]

xc [µm]

q[µm-1]

x[µm]

φ(x)/φ 8

0.2

(a (b)

(c) (d) φ(x=0)/φ 8

0
0

FIG. 6. �a� Dispersion relation of the active membrane model
�15� used for the calculation of the wave-induced density hole.
Heavy solid �dashed� line gives ���q� ����q��. �b� Calculated
steady-state density profiles of the membrane markers, as a function
of the distance x from the wave excitation source. The solid,
dashed, and dash-dotted lines correspond to excitation frequencies
�=0.66,1 ,0.4Hz respectively. The vertical lines indicate the dis-
tance to the inflection point, which we denote by xc. The depen-
dence of xc, the estimated size of the hole, is plotted in �c� as a
function of the frequency �Eq. �11��. �d� The depth of the depletion
hole at the origin plotted as a function of the frequency. In both �c�
and �d� we find that the most pronounced hole appears around the
resonance frequency, which correspond to the smallest damping
����q�, dashed line in �a��. The vertical lines in �c�,�d� correspond to
the frequencies indicated in �a�,�b� by the same notation.
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effects. As the frequency increases, so does the wave vector
qmin� and the value of � at the origin. On the other hand, only
close to the resonance frequency is the decay length long
�large ��, and the waves can induce a drift of the markers
over a long distance. The first effect will give rise to strong
depletion at the origin for large frequencies, while the second
effect will induce a hole of small size at large frequencies. In
Fig. 6�a� we indicate the damping ���q� corresponding to
each frequency. Specifically, note that, although the damping
for �=0.4 Hz is smaller than for �=1 Hz, the hole is larger
for the latter case due to the larger value of the real part of
the wave vector q �x axis� and therefore the drift velocity.

IV. CONCLUSION

Propagating waves on the surface of cells involve active
forces and result in a traveling undulation of the membrane.
We propose here that such waves should therefore be me-
chanically excited when the membrane is perturbed by an
external oscillatory force. The external perturbation may trig-
ger the propagation of such waves away from the force ap-
plication. This scheme is then suggested as a method to
probe the properties of the excitable medium of the cell, and
learn about the mechanisms that drive the wave propagation.

We then apply these ideas to the specific model of
coupled actin–myosin–cytoskeleton-membrane �15�, demon-
strating how the response of the system to the external per-
turbation depends on the properties of the model. The most
outstanding feature that we find is that the excited waves
exhibit a resonance phenomenon at the frequency corre-
sponding to a subcritical wave vector where the system can
develop a linear instability. At this frequency the waves can
propagate with very small attenuation over a long distance of
many micrometers, as is observed in cells �1–6�. Mechanical
excitation of membrane waves in cells at different frequen-
cies can therefore be used to characterize the properties of
the mechanisms underlying the existence of these waves.
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APPENDIX

By substituting q=�u in det�M + i�I�=0 we get a polyno-
mial of order 3 in u, which has three solutions
u1��� ,u2��� ,u3���, and six solutions for q: q1,4
= ��u1 ,q2,5= ��u2 ,q3,6= ��u3. While all the solutions
have an imaginary part, the three solutions that have a posi-
tive imaginary part are denoted as q1,2,3, and are the desired
ones since we demand that the amplitudes vanish in the lim-
its of x→�.

The explicit solutions �Eq. �10�� for the excitation of the
membrane along an infinite line at the origin are

� h�x,t�
m�x,t�
n�x,t�


 = f0
iei�t� V�q1�eiq1	x	

Cq1�q1
2 − q2

2��q1
2 − q3

2�

+
V�q2�eiq2	x	

Cq2�q2
2 − q1

2��q2
2 − q3

2�

+
V�q3�eiq3	x	

Cq3�q3
2 − q2

2��q3
2 − q1

2�
� , �A1�

where the vector V�q� is given by

V�q� = ��koff + i���Dq2 + i��

− H̄kon�	q4

− H̄�	q4�koff + i��

 �A2�

and C=Ô��koff+ i���Dn0− H̄2�	� /n0.
In order to maintain a constant amplitude of the wave at

the origin, 	h�0, t�	=h0, the amplitude of the force applied has
to have the value given by

	f0	 =� �Ch0q1q2q3�q1 + q2��q2 + q3��q3 + q1��2


2��2 + koff
2 �����q1 + q2 + q3��2 + �Dq1q2q3�2�

�A3�

which we use in the calculations shown in Fig. 6.
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